Uniform line spacing plane gratings are introduced into a recording system to generate aspherical wavefronts for recording varied line spacing plane holographic gratings. Analytical expressions of groove parameters are derived to the fourth order. A ray-tracing validation algorithm is provided based on Fermat's principle and a local search method. The recording parameters are optimized to record a varied line spacing plane holographic grating with the aid of derived analytical expressions. A design example demonstrates the exactness of the analytical expressions and the superiority of recording optics with auxiliary gratings.
Introduction
Holographic gratings are fabricated by recording the interference fringes of two light beams in a photoresist coating on grating blanks. Given the shape of blanks, their focal properties can be adjusted by altering the properties of the two recording sources. The interference of two plane wavefronts in plane blanks results in conventional gratings with uniform line spacing (ULS) and straight grooves. The interference of spherical wavefronts results in grating grooves with varied line spacing (VLS) and curved grooves. It adds a degree of freedom to eliminate certain types of aberrations. 1 Koike and Harada 2 and Duban 3 introduced aspherical wavefronts to the fabrication of holographic gratings. This method added a greater degree of freedom and produced more powerful aberration-corrected holographic gratings. Holographic gratings recorded with aspherical wavefronts are the trend in fabrication and will play an important role in high-resolution spectrometers and monochromators.
There are three main methods to generate aspherical wavefronts in holographic recording.
(i) The first method uses auxiliary mirrors. Namioka and Koike 4 derived analytical expressions of groove parameters to the fourth order for the recording system that uses two ellipsoidal mirrors to generate aspherical wavefronts and an ellipsoidal blank as the grating blank. This type of holographic grating has been widely used in spectrographs and monochromators. [5] [6] [7] [8] One of the disadvantages of this mounting is that it is sensitive to the tolerances of distance parameters and angle parameters in the recording optics. 9 (ii) The second method uses multimode deformable mirrors (MDMs). Duban studied the theory, 10, 11 discussed the realization, 12 and simulated the performance in the cosmic origins spectrograph (COS) gratings. 13, 14 The main difficulty of this mounting comes from the fabrication of the MDMs.
(iii) The third method uses auxiliary gratings. Duban 15, 16 investigated the holographic Rowland mounting, which consists of a Rowland-mounted and optimally recorded holographic spherical grating, referred to as an optimized Rowland grating (ORG), whose recording sources are aberrated by two auxiliary ORGs. There are two points at which its astigmatism and spherical aberration are canceled in the spectrum of the ORG, therefore the theoretical equations for the mounting are simple. But it is difficult to realize in practical recording because the condition of the ORG is hard to be satisfy.
Sokolova and coworkers 17, 18 studied the two-step method which uses a grating objective to generate an aspherical wavefront. But the use of this method is limited to transparent substrates. On the other hand, the theoretical equations are very complicated for the mounting. Therefore the numerical ray-tracing algorithm is applied for the optimal design of recording parameters.
Jobin-Yvon recorded VLS gratings by using auxiliary ULS gratings. 19 But the optimization of the recording parameters was based on numerical ray tracing, 19 which is time consuming and produces the best solutions with difficulty. It is necessary to establish the theoretical equations of groove parameters for the convenience of optimal design.
In this paper the analytical expressions of groove parameters to the fourth order for a recording system where two ULS plane gratings are utilized to generate aspherical wavefronts and a plane blank is regarded as the grating blank are derived. The recording parameters are optimized to record a varied line spacing plane holographic grating with the aid of derived analytical expressions. Section 2 introduces the geometry of recording optics. Section 3 expands the analytical expressions of groove parameters to the fourth order. Section 4 transforms the ray-tracing validation of recording optics to an optimization problem so that it can be solved by a local search method. Section 5 gives an example of a holographic grating recorded in this method and validates the results through the proposed ray-tracing method.
Geometry of Recording Optics
The recording optical system is shown in Fig. 1 We introduce two rectangular coordinate systems, one attached to G 1 and the other to G 2 . In the
, the x 1 (or x 2 ) axis is the mirror normal at O 1 (or O 2 ), and the y 1 (or y 2 ) axis lies in the common plane ⌺. Points C and Q 1 on G 1 are designated in the G 1 coordinate system by C͑x C , y C , 0͒ and
(
The sign of C (or D ) is positive or negative according to the way the principal ray, CO 1 (or DO 2 ) lies in the first or the fourth quadrant of the x 1 y 1 , (or the x 2 y 2 ) plane in the x 1 y 1 z 1 (or x 2 y 2 z 2 ) coordinate system.
We introduce an additional rectangular coordinate system xyz attached to the grating blank G. In this system the origin is at O, the x axis is the grating blank normal, and the y axis lies in plane ⌺. Points Q 1 on G 1 and Q 2 on G 2 are designated in the G coordinate system by
The sign of ␥ (or ␦) is positive or negative according to the way the principal ray, OO 1 (or OO 2 ) lies in the first or the fourth quadrant of the xy plane in the xyz coordinate system.
Groove Parameters
A ray of wavelength 0 originated from C is diffracted at Q 1 ͑0, w 1 , l 1 ͒ toward point P͑0, w, l͒ on G. Ray DQ 2 of 0 travels toward point P͑0, w, l͒ after being diffracted at Q 2 ͑0, w 2 , l 2 ͒. The groove densities of G 1 and G 2 are 1͞ 1 and 1͞ 2 , respectively. According to the grating equation 
Here H is the groove number of point P counted from the zeroth groove that passes through O. H is positive (or negative) when the central point ͑0, w H , 0͒ of the gth groove lies in the first (or fourth) quadrant of the xy plane in the xyz coordinate system. Substituting Eq. (2) into Eq. (3), and writing Eq. (3) explicitly:
Express groove number H in a power series to the fourth order:
Coefficients c ij are constant. Coefficients H ij are called groove parameters, which are the functions of recording parameters. Consider ͑H ij ͒ C only. To obtain ͑H ij ͒ C we must express w 1 and l 1 as the functions of w and l:
Now we need to calculate the expressions of ͑A ij ͒ C and ͑B ij ͒ C with i ϩ j Յ 4. Applying Fermat's principle to the light path function:
yielding the following relationship between direction cosines ͑L 1 , M 1 , N 1 ͒ of incident ray CQ 1 , and the direction cosines (L 1 =, M 1 =, N 1 =) of diffracted ray Q 1 P, both defined in the G 1 coordinate system:
where
The direction cosines ͑L C , M C , N C ͒ of ray Q 1 P in the xyz coordinate system are related to (L 1 =, M 1 =, N 1 =) with simple coordinate transform:
From the definition of direction cosines:
Then
Substituting Eqs. (1), (5), (7), (8), (10), (11), and (12) into Eq. (13) yields
Expanding Eq. (14) to the fourth order:
͑f w ͒ ij and ͑f l ͒ ij are the functions of ͑A ij ͒ C , ͑B ij ͒ C , C , C , ␥, p C , and q C . By solving equations
we can calculate the expressions of ͑A ij ͒ C and ͑B ij ͒ C with i ϩ j Յ 4. Substituting ͑A ij ͒ C and ͑B ij ͒ C and Eqs. (5) and (7) into Eq. (4), we can calculate the expressions of ͑H ij ͒ C as defined in Eq. (6) . But it should be noted that the terms of ͑A ij ͒ C and ͑B ij ͒ C with i ϩ j ϭ 3 and i ϩ j ϭ 4 will vanish in the expressions of
The expressions of ͑H ij ͒ D can be derived similarly.
The forms of
Ray-Tracing Validation Algorithm
In fact, we can obtain H through a numerical method other than analytical expansion. Consider H C only. Substituting Eqs. (1) and (5) into Eq. (4), H C is the  function of w, l, w 1 , l 1 , C , C , ␥, p C , and q C :
Given the recording parameters C , C , ␥, p C and q C , and coordinates w, l of point P on the grating G, H C is the function of w 1 and l 1 . Then
According to Fermat's principle, H C must be the minimum. H C can be calculated from the following optimization problem:
Applying a local search method with the proper initial value, we can calculate H C and the corresponding reflecting points Q 1 ͑0, w 1 , l 1 ͒ for given coordinates w, l of point P on the grating G.
Numerical Results
For the VLS plane grating used in a soft x-ray magnetic circular dichroism beamline of the National Synchroton Radiation Laboratory (NSRL), the required groove density is expressed as n ϭ n 0 ͑1 ϩ
The required recording area is 180 mm ϫ 30 mm. Consider a recording system consisting of an auxiliary plane mirror with a groove density of 1͞ 1 ϭ 0 and an auxiliary uniform line spacing plane grating with a groove density of 1͞ 2 ϭ 1000 grooves͞mm. The recording wavelength is 0 ϭ 413.1 mm. The diffrac- We optimized the recording parameters by using the analytical expressions derived in Appendix A with the evolutionary algorithm. 20 Four groups of optimized recording parameters are shown in Table  1 . The corresponding groove density parameters are in Table 2 . The theoretical groove density parameters are very close to the required value.
We choose the second group as the practical recording parameters. We checked the design results with the ray-tracing validation algorithm. H A is the groove number computed from the analytical expressions and H N is the groove number computed from the ray-tracing validation, at l ϭ 0 mm. The error between H A and H N is shown in Fig. 2 . The ray-tracing results are consistent with those predicted by the theoretical equations. The groove number error, which comes from the truncation error of series expansion, is less than 1.5 lines in the recording area. This proves the exactness of the analytical expressions derived in this paper.
In practical manufacturing, fabrication tolerances are inevitable for any recording parameters, and design results will degrade at that time. Table 3 gives the groove density parameters when the tolerances of distances are 1 mm and the tolerances of angles are 0.001 rad. We can see this mounting is not sensitive to the errors in the recording optics.
The two-dimensional schematic of the recording optics is shown in Fig. 3 . The light that originated from D is diffracted at auxiliary grating G 2 , and the ϩ1 order diffractive light reaches G. The light that originated from C reaches G directly because the auxiliary plane mirror can be omitted. It is clear that the other diffractive light will not disturb the recording process when the recording parameters are properly selected.
Conclusions
Analytical expressions of the groove parameters were derived to the fourth order for recording optics consisting of two uniform line spacing plane auxiliary gratings and a plane grating blank. The derivation of theoretical equations simplifies the optimization of the recording parameters. Based on Fermat's principle and local search, a ray-tracing validation algorithm was provided and proved the exactness of the theoretical equations. 3 . Two-dimensional schematic recording optics is designed for the varied line spacing holographic grating. Light originating from D is diffracted at auxiliary grating G 2 , and the ϩ1 order diffractive light reaches G. Light originating from C reaches G directly because the auxiliary plane mirror can be omitted. It is clear that the other diffractive light will not disturb the recording process when the recording parameters are properly selected. 
